
Ergodic Theory and Measured Group Theory
Lecture 1

The two subjects .
Ergodic theory studies transformations of a measure space

ltgpicallg ,
a standard probability space) . Eyiualeath ,

it studies

actions of lseui) groups on these spaces ,

the focus is

the actions
,
their properties, whether or not two such actions

are isomorphic.
Measured group theory studies groups by studying its actions

on measure spaces ( again , typically standard prob. spaces).
"

Groups , like people , are known by their actions
.

"

- Some nathan
.

this is the slogan of this cabjed . Here we try tounderstandhow much of the
group is

" remembered " hg its
action on a measure space .

Focus of his coarse . Group = cthly - infinite discrete group
Measure = probability measure

Functions on a measure space ⇒ measurable
.

Null sets are ignored .



standard probabitg spaces .
We will denote a measure space by 149) ,

and we vill write 111,49) if we want to indicate the r-algebra .

Examples . 110
,
1)
,
d)

,
here X is the Lebesgue measure .

(10/1)"
,
Xu)

,
where tn :-X!

121N
,
ow ) , where 2 := 10,1}

,
21N:= the space at binary

sequences , V it all!ensure on 2
, e.g .

V10) := }
and v11) := } , We will call this a coin - flip
or Bernoulli measure

.

The fair coin - flip measure

is v10) :-. old := ¥ .

The basic open sets of 2
" ( in the pocket topology)

are of the form [ 01101] := /✗ C- 21N : ✗ = 01101***
..} ,

and v"Y[01101]):= v10)? v14?

( IN
"V

,

VIN )
,
there o is a prob . neas.cn/N

.

( co
, 1)
"V

,
✗
"V)

S
'

:-. the unit circle in IR?
with the Lebesgue measure t

on S
'

where we view S ' [0, 1) by the expoaea-

girl nap .



separable

Def . A Polish space
is a topological space that is suoarÑctbT

lie . admits a ctbl open basis) and is completely metrizable
II. e. admits a complete metric producing the same topology!

aplite
Eagles .

IR
,
loud subsets of IR

10,11
, why ? Dean %-) cop)É°[q%

IN"V
, why? it ×, , EIN "Y 0

①

dlx, g) := 5^-1×151
,
here Alxig) := the first index ic.IN

sit
.

✗ Ii) =/ gli ) if ✗ 4g . O.w.dk/ix:-- 0 .
This makes IN

"V
a complete metric space .

The standard open basis is formed by the sets

Is) { ✗ c- INN : ✗ begins with S / , where
s is a finite seven ie of natural numbers.

Def . A measurable ipad IX. A) is called standard Borel if
A := Borel r- algebra at some Polish topology a X

.

Def . A probability space IX , A ,
d) is called standard if

IX
,
A) it standard Bout

.



Isomorphism theorem . (1) Any two unctbl standard Borel spaces
are Borel isomorphic leg .

2W
,

117
, 10,1) ) .

(2) Any two monatomic standard prob . spaces are measure -

isomorphic leg .

to (10,14×1) .

Eagle . Take a different prob, incas . a 10;D
, say
uhh

.

Then 3- Borel bijection f- 10 , 1) → 10,1) a. e. s.fi

fat = ✗ , there f*M is the pash - forward measure

of it by f.

Probability measure preserving lpmp) tear formations .

Lt 4,4 be a prob . space I let T :X → ✗ be a

measurabletransformation
.

Hor an analyst thinks of T:

✗

✗

Hor a DST - ist thinks of T : also a graph , but as is combinatorics
:÷•; ;; i. ••• ; Here

,
✗ C- ✗ at drawn

.
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We call it an orbit of T.
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The whole graph Gi on the vertex space
X

.
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the equiv. net . of being in the same connected component
is called the orbit equiv . rel . of Tal denoted by Ei .
More precisely , It ✗is EX ,

✗ Et y
:<⇒ t.mn GIN , 1-

"

G) =Tmly) .

Obs
. Any measurable T :(4M→ 111,9) is Borel on a conall

subset of ✗
.

Proof. The Burel r- algebra of ✗ is d-b'
g- generated , say by

a ctbl fairly U of subsets at X
,
and K Bell

,

1-
"

(B) is Borel modulo a null sit
,
so throwing out

these Italy . may iety frow ✗ wakes T a Borel nap.

thus
,
Nuh

,
we assume T is Borel

,
i.e.TYB.net) is Borel

.



Note that if T i, Borel , then G- at Er are Borel ab -

sets at ✗
'
:

✗ hi y :<⇒ Ttx)=y
✗ Et y :<⇒ Du

,
me IN

,
1-
" 1×1--1-4 (g)

,

both are Borel definitions bear of a theorem in descriptive
sit theory that says tht a function is Baul <⇒ its graph
is a Borel set.

Def . A meas
.
transformation T :(X

,
d)→ (X

,
M is said to be

measure- preserving if the probability of a random polit *

being in a given Bent at B is = to the prob . of

Tx c- B. In other words
,
91B) = MIT' B) .

the
way

he think about this is that the "

weight
"
of each point

✗ c-✗ is equal to the total weight of the set 1- "✗
TI T If T is one - to - one

,
then each connected

I

1kg
: § •¥1 . bwpouent of ✗ is either •so so so

I •

i.
or • I

and the weights of all polite
•
• ,

are equal .



RIH
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Exaples . Rotation R;
S
'

→ S
'

inhere Left, F) .
eli ↳ eH+Hi

?

If dat is rational
,
then Ry is periodic, i.e. Fu

at
. Rj = ids ,

,
so the orbits are just finite

cycles .

If He is irrational
,
then Rd is aperiodic I

the orbits are I- fives • s • s • s e

Each orbit is dense in 5
.

Ra is pmp here it doesn't change the length
of arcs .

The baker 's map
b
,
: 10

, 1) → 10,1)
✗ to 2x mod I = erase the

first digitThis is a 2- to-1 map i→
in the binary
rep . of ×

.

I 1 msF) us 1-1
0 I 0 I 2 0 1

This is pup
base for any

interval Is 10,1)
,

bi
'

II) is two intervals each half of the length afI:

II be 11--11--11--4=1-2 III.

IIB
H I 1-1 I 9
6 Ii tz It I


